We introduce a new coefficient as a generalization of the modulus of smoothness and Pythagorean modulus of Banach space X. Some basic properties of this new coefficient are investigated. Moreover, some sufficient conditions which imply normal structure are presented.
Introduction
We will assume throughout this paper that X and X * stand for a Banach space and its dual space, respectively. By S X and B X we denote the unit sphere and the unit ball of a Banach space X, respectively. The nontrival Banach space will mean later on that X is a real space and dimX ≥ 2. Let us recall some definitions of modulus in Banach space. The modulus of smoothness see 5 of X is the function ρ X t defined by ρ X t sup x ty x − ty 2 − 1 : x, y ∈ S X .
1.1
X is called uniformly smooth if lim t → 0 ρ X t /t 0. X is called q-uniformly smooth 1 < q ≤ 2 if there exists a constant K > 0 such that ρ X t ≤ Kt q for all t > 0. Pythagorean modulus is introduced by Gao 6 is given by E t, X sup x ty 2 x − ty 2 : x, y ∈ S X , ∀t > 0.
2 Journal of Inequalities and Applications
For t > 0, the parameterized James constant J t, X is defined by J t, X sup min x ty , x − ty : x, y ∈ S X .
1.3
Some basic properties concerning this constant were studied in 1 .
A Banach space X is called uniformly nonsquare see 7 if there exists δ > 0, such that x y /2 ≤ 1−δ or x−y /2 ≤ 1−δ wherever x, y ∈ S X . The number r A inf{sup{ x−y : y ∈ A} : x ∈ A} is called Chebyshev radius of A. The number diamA sup{ x−y : x, y ∈ A} is called diameter of A. A Banach space X is said to have the normal structure provided r A < diamA for every bounded closed convex subset A of X with diamA > 0.
Recall the ultraproduct of Banach spaces. Let U be a free ultrafilter on the set of natural numbers, the closed linear subspace of
0}. The ultraproduct of {X i } is the quotient space l ∞ I, X i /N U equipped with the quotient norm. we write X to denote the ultraproduct. For more details see 8 .
In this paper, we consider the coefficient J X,p t as a generalization of the modulus of smoothness and Pythagorean modulus of Banach space X. Some basic properties of this new coefficient are investigated, which generalized some known results. Meanwhile some sufficient conditions which imply the normal structure are obtained.
Some Properties on Coefficient
It is easily seen that J X,p t ≥ ρ X t 1, the case of p 1, 2, J X,1 t ρ X t 1, 2J 
2.4
Since x, y are arbitrary, we have
2 The continuity of J X,p t follows from the case of 2 .
Proposition 2.4. Let X be a nontrival Banach space and t > 0. Then
2.7
Proof. From Proposition 2.3 1 , we have
Since the opposite inequality holds obviously, we get the first equality. Since the opposite inequality holds obviously, then we obtain the second equality.
Theorem 2.5. For any nontrival Banach space
Then the following conditions are equivalent:
Proof. 1 ⇒ 2 . It is well known that J X,p t ≤ 1 t for all p. Suppose that J t, X 1 t. From the definition of J t, X , for any > 0 there are x, y ∈ S X such that min x ty , x − ty ≥ 1 t − .
2.11
Then we have
Since are arbitrary this implies that J X,p t ≥ 1 t-a contradiction 2 ⇒ 1 . Similarly suppose that J X,p t 1 t, for any > 0 there are x, y ∈ S X such that Proof. This follows from Theorem 2.5 and the conclusion of J t, X in 1 .
Theorem 2.7. A Banach space X is uniformly smooth if and only if
Proof. The sufficiency is trivial since ρ X t 1 ≤ J X,p t holds for any t > 0 and 1 ≤ p < ∞. To see the necessity, we suppose that lim t → 0 J X,p t − 1/t > 0. Proposition 2.3 4 implies that there exist a c ∈ 0, 1 such that J X,p t − 1/t ≥ c for any t > 0. In particular, let 0 < t < 1 and choose x, y with x 1, y t such that
Without loss of generality, we assume that min{ x y , x − y } x − y h then h ∈ 1 − t, 1 ct . From the above inequality we get that
2.17
Note that f h attain its minimum at h 1 − t; in the view of the definition ρ X t implies that
2.18
Letting t → 0, and using L'Hôpital's rule, we get
This is a contradiction, and thus we complete the proof. 
1 Let 2 ≤ r < ∞,1 ≤ p < ∞ and h max{r, p}. Then 
2.23
In the case of 1 < p < r , we get that K 1 in Theorem 2.8 from 2, Remark 1 ; therefore
On the other hand, we take 
2.27
Then
2.28
Hence J X,p t 1 t r 1/r when 1 < p < r . If r ≤ p < ∞, then J X,p t ≤ 1 Kt r 1/r , where K ≥ 1 from Theorem 2.8. holds with some γ > 0, where 1 < r, s, a < ∞. First let s a p. We get
2.32
Similarly, let s p and a r. We also get 
2.34
Therefore we get the conclusion 2 .
In the case of L r 0, 1 , we take x s ∈ S L r 0, 1 . 
Banach-Mazur Distance and Constant's Stability
Let X and Y be isomorphic Banach space. The Banach-Mazur distance between X and Y , denoted by d X, Y , is defined to be the infimum of T T −1 taken over all isomorphisms T from X and Y . 
Proof. Let x, y ∈ S X . For each > 0 there exist an isomorphism T from X and Y such that T T The second inequality follows by simply interchanging X and Y . 
